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Abstract
Quintessence, a scalar field model, has been proposed to account for the acceler-
ation of the Universe at present. We discuss how accurately quintessence models are
discriminated by future cosmological surveys, which include experiments of CMB,
galaxy clustering, weak lensing, and the type Ia SNe surveys, by making use of
the conventional parameterized dark energy models. We can see clear differences
between the thawing and the freezing quintessence models at more than 1σ (2σ)
confidence level as long as the present equation of state for quintessence is away
from −1 as wX >∼ − 0.95 (−0.90). However, it is found to be difficult to probe the
effective mass squared for the potential in thawing models, whose signs are different
between the quadratic and the cosine-type potentials. This fact may require us to
invent a new estimator to distinguish quintessence models beyond the thawing and
the freezing ones.
1 Introduction
Current cosmological observations indicate that the Universe is currently in an accelerating
stage, which suggests that the present Universe is dominated by an enigmatic component
called dark energy. Although current cosmological observations are so precise that we can
have some information on its properties such as its current energy density, the equation
of state and so on, we still do not know what the dark energy is. Since the identification
of dark energy is one of the most important problems in contemporary science, many
researches have been performed to pursue this issue and a lot of models for dark energy
have been proposed (for early works, see, e.g., [1–5]).
Among various dark energy models, quintessence, a scalar field model with the canon-
ical kinetic term, may be the simplest dynamical dark energy model [1–3]. The presence
of such a scalar field might be well motivated by theories of particle physics such as su-
pergravity and/or superstring, which include scalar fields with a variety of types of the
potential. However, the form of potential is strongly constrained to realize the current
accelerating expansion and the proposed quintessence potentials can be roughly divided
into two types [6], depending on how a quintessence field evolves: freezing (tracker) and
thawing types. For the freezing (tracker) type, a quintessence field moves fast in the early
Universe, then “freezes” at some later time to realize its equation of state wX close to −1.
A typical example of potentials in this category is the inverse power law potential [2,7,8].
For such a potential, it is well known that the quintessence field exhibits a tracking behav-
ior where it traces the equation of state of the dominant background fluid (e.g., radiation
and matter). This is the reason why the freezing type is sometimes called “tracker model”.
On the other hand, in the thawing model, a quintessence field almost stays somewhere on
the potential in the early times, during which it behaves like a cosmological constant. At
later times, the quintessence field starts to “thaw” or move, that is, starts to roll down
the potential [6]. The situation is quite similar to that of the inflationary dynamics. As
in the case of inflation, typical potentials of this type are (positive) power law and hilltop
type [9] potentials as in chaotic and new inflation models, respectively. The difference of
these potentials is characterized by the sign of the effective mass squared.
In light of this consideration, if we limit ourselves to a quintessence model as dark
energy, the first thing we have to do is to differentiate these two types, i.e., freezing or
thawing, by using cosmological observations. Unfortunately, current observational con-
straints are not precise enough to discriminate these types. However, future experiments
may well probe the differences and distinguish these models, which is one of the issues
that we are going to address in this paper. For this purpose, we investigate constraints
expected from future surveys of cosmic microwave background (CMB), galaxy clustering
and galaxy lensing shear by using their auto- and cross-correlations. We also make use of
future observations of type Ia supernovae (SNeIa).
In this paper we adopt typical potentials as the fiducial models of the two types of
quintessence. Specifically, we consider a power-law potential for the freezing type while
the quadratic and the cosine-type potentials for the thawing type models to generate mock
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data for future surveys. Then, the generated mock data are fitted to some phenomenologi-
cal dark energy models with its equation of state wX being parameterized in a simple form,
which have been adopted in many works. Our primary goal is, therefore, to investigate
how the confidence regions look like on the plane of dark energy parameters, and to clarify
whether one can differentiate the two types from future cosmological surveys.
If one can pin down the type of quintessence, i.e., freezing or thawing type, the next task
is to extract the information of the potential in more detail. In particular, for the thawing
type, we have two different, but representative examples of the potential such as quadratic
and cosine-type potentials. One of the differences between the two is characterized by the
sign of the effective mass squared. This difference is important from both theoretical and
observational reasons. From the model building point of view, it is challenging to construct
a quadratic potential because it must be flat beyond the Planck scale in order to dominate
the energy density at late times. However, once such a potential is realized, the field can
easily take a suitable value during inflation [10]. On the other hand, the hilltop (cosine)
type potential [9] naturally appears as an axion potential from particle physics models.
For this type of potential, the field value is not necessarily required to exceed the Planck
scale thanks to the offset of the potential, although it suffers from a severe initial value
problem because there is no natural reason to keep sitting on the top of the potential.
Thus, it is quite important to distinguish the sign of the effective mass squared of the
potentials from this viewpoint. In fact, the sign of the effective mass squared appears in
the evolution equation of perturbations so that it may leave significant imprints on the
large scale structure (LSS). Thus, we also investigate how accurately we can determine
the effective mass squared of the potentials from the future observational data. For this
purpose, we introduce a new parameterization for dark energy equation of state, in which
the sign of the effective mass squared is incorporated as a free parameter.
The organization of this paper is as follows. We briefly summarize the quintessence
potential for fiducial models adopted in our analyses in Sec. 2, and some phenomenological
parameterizations for the dark energy equation of state are presented in Sec. 3. In Sec. 4,
we summarize the procedure of our analyses. The results of the analyses are given in
Sec. 5. The final section is devoted to the conclusion and summary of this paper.
2 Quintessence Scalar Field and its models
The equation of motion for a scalar field φ in a flat Universe is given by
φ′′ + 2Hφ′ + a2V,φ(φ) = 0, (1)
where primes denote the derivative with respect to the conformal time, H = a′/a is the
conformal Hubble parameter, V (φ) is a potential of scalar field and V,φ = dV/dφ. The
energy density and pressure of a scalar field are given by
ρφ =
1
2a2
φ′2 + V (φ) , (2)
2
pφ =
1
2a2
φ′2 − V (φ) , (3)
respectively. The ratio of the two, wX = pφ/ρφ, is an equation of state for a scalar
field. Since we use cosmological data including the information of density fluctuations
such as CMB, one also has to consider fluctuations in a quintessence field. Working in
the synchronous gauge, the evolution equation for fluctuations of the quintessence field is
given by
δφ′′ + 2Hδφ′ + k
2
a2
δφ+
1
2
h′φ′ + a2V,φφδφ = 0 , (4)
where h is metric perturbation in the synchronous gauge [11] and V,φφ =
d2V
dφ2
. Fluctuations
of density, pressure and velocity divergence of quintessence are, respectively, given by
δρφ =
1
a2
φ′δφ′ + V,φδφ , (5)
δpφ =
1
a2
φ′δφ′ − V,φδφ , (6)
θφ = k
2 δφ
φ′
. (7)
As mentioned in the introduction, quintessence models can be divided into two types,
i.e., thawing and freezing (tracker) ones. Although there are still some variations of the
potential form for each type, as fiducial models in this paper, we adopt the following
representative potentials discussed in the literature.
For the thawing quintessence model, only two types of potentials have been considered
in most cases. One is a simple quadratic potential, whose explicit form is
V (φ) =
1
2
m2φφ
2, (8)
where mφ is the mass for the quintessence. Since φ begins to roll down the potential at
very late epoch to realize the accelerating expansion today, the mass is roughly of the
order of the present Hubble parameter H0. In addition, in order to dominate the energy
density at late time, the field value φ needs to be close to the Planck value.
The other type is the cosine one of the form [9]:
V (φ) =M4 (1− cos(φ/fφ)) . (9)
This pseudo-Nambu-Goldstone boson type of potential can well be motivated from some
particle physics models and has been discussed in many papers (see, e.g., [9]).
Concerning the freezing (tracker) type, although many forms of potential have been
argued, most of them include inverse power law or exponential parts in the potential,
which allow an attractor solution. Here we consider a typical inverse power law type of
the form:
V (φ) = βM4pl
(
φ
Mpl
)α
. (10)
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As mentioned above, there have been many models (potentials) discussed so far. For other
freezing (tracker) types, see e.g., [7]. In this paper, we take these potentials as the fiducial
models for each type.
3 Dark energy parameterizations
Since we have not yet understood the nature of the dark energy, it is common to treat dark
energy as an ideal fluid with a negative equation of state. Here we follow this procedure
and investigate how dark energy parameters, in particular, its equation of state defined
below are constrained from future surveys. Although various parameterizations for wX
can be found in the literature, we assume three parameterizations as described below.
3.1 Parameterization I & II
One of the aims of this paper is to discriminate the freezing and the thawing models,
whose equation of states decreases and increases with time, respectively. This feature can
be captured by the following parameterization [12, 13], whose form is given by
wX(a) = w0 + (1− a)w1 = w0 + z
1 + z
w1 (Parameterization I). (11)
It is expected that w1 < 0 for the freezing model while w1 > 0 for the thawing model.
We call this parameterization “Parameterization I” in the following. With this equation
of state wX , one can write its energy density as
ρX(z) = ρX0(1 + z)
3(1+w0+w1) exp
(−3w1z
1 + z
)
, (12)
where ρX0 is the energy density of dark energy at present time. In the above parameteriza-
tion, wX has a simple linear dependence on the scale factor a, but another parameterization
of this type is also possible such as wX = w0+w1z, where a linear dependence on a redshift
z is assumed [14–16] with a cutoff at some redshift to avoid large wX at earlier time. But
in the following, we consider the parameterization of Eq. (11) as a representative one of
this category.
The equations of states for the freezing and the thawing models are also characterized
by the fact that wX is larger (smaller) in the past for the freezing (thawing) model. This
feature can be directly probed by the following parameterization [17],
wX(a) = wawb
aq + aqs
wbaq + waa
q
s
= wawb
1 +
(
1+z
1+zs
)q
wb + wa
(
1+z
1+zs
)q (Parameterization II), (13)
where the equation of state changes from wb to wa at the transition redshift zs with its
width characterized by q. It is expected that wb > wa for the freezing model while wb < wa
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for the thawing model. We call this form of wX “Parameterization II” in this paper. The
energy density of dark energy with this parameterization can be analytically given by
ρX(z) = ρX0(1 + z)
3(1+wa)
(
wa + wb(1 + zs)
q
wa(1 + z)q + wb(1 + zs)q
) 3(wa−wb)
q
. (14)
3.2 Perturbation evolution and Parameterization III
The above two parameterizations are suitable for discriminating the thawing and the
freezing models. Once the thawing models would be favored from future observations, the
next task is to differentiate two typical thawing models, in which the signs of the effective
mass squared are opposite, that is, positive and negative. Such a difference in the sign of
the effective mass squared is expected to affect the evolution of the perturbations. Thus,
in this subsection, we discuss what kind of parameterization is suitable for probing the
sign of the effective mass squared of a quintessence field through its perturbations.
For this purpose, let us first remind ourselves how fluctuations in dark energy fluid
evolve with a given equation of state wX . Working in the synchronous gauge [11], the
energy density and velocity perturbation evolutions for a general fluid with its equation
of state wX in the CDM rest frame are given by
δ′ = −(1 + wX)
(
θ +
h′
2
)
− 9H2(1 + wX)(c2s − c2a)
θ
k2
− 3H(c2s − wX)δ , (15)
θ′ = −H(1− 3c2s)θ +
c2s
(1 + wX)
k2δ − k2σ , (16)
where δ and θ represent density and velocity perturbations, respectively, and σ is anisotropic
stress. One can consider non-vanishing σ for a general dark energy fluid [18], but we can
safely set σ = 0 for a quintessence field. Furthermore, the effective sound speed cs, which
is the sound speed defined in the dark energy rest frame, is defined through [19]
δp
ρ
= c2sδ + 3H(1 + wX)(c2s − c2a)
θ
k2
. (17)
For a scalar field with the canonical kinetic term, the effective sound speed is c2s = 1. The
adiabatic speed of sound ca for a fluid is given by
c2a ≡
p′
ρ′
= wX − wX
′
3H(1 + wX) . (18)
By analogy with the case of inflation, let us try to parameterize the equation of state
by using its potential, which is characterized by the slow-roll parameters [20, 21]. The
adiabatic sound speed Eq. (18) can be written with the scalar field φ and the potential V
as
c2a =
p′φ
ρ′φ
=
p˙φ
ρ˙φ
=
φ¨− V,φ
φ¨+ V,φ
= −1 + 2 φ¨
φ¨+ V,φ
, (19)
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where dots denote the derivative with respect to the cosmic time. We first introduce the
following function [23, 24]
β =
φ¨
3Hφ˙
. (20)
Then, using Eq. (1), φ˙ is written in term of β as
φ˙ = − V,φ
3(1 + β)H
. (21)
When |β| ≪ 1#1, φ¨ is given by differentiating the both sides in Eq. (21) with respect to
the time as
φ¨ ≃ V,φV,φφ
9H2
− (1 + w)V,φ
2
=
ηV,φ
3
− (1 + w)V,φ
2
, (22)
where we have used H˙/H2 ≃ −3(1 + wX)/2 and η is defined as
η ≡ V,φφ
3H2
, (23)
which reduces to the inflationary slow-roll parameter, η = V,φφ/V , when H
2 ≃ V/3. Using
Eqs. (23) and (22), we can rewrite Eq. (19) as#2,
c2a ≃ −1 + 2
(
η
3
− 1 + wX
2
)(
1 +
η
3
− 1 + wX
2
)−1
,
≃ −1 + 2
(
η
3
− 1 + wX
2
)(
1− η
3
+
1 + wX
2
+ · · ·
)
,
≃ −2− wX + 2
3
η . (24)
From Eqs. (18) and (24), we obtain the following differential equation for wX :
dwX
d ln a
= 6(1 + wX)(1 + wX − 1
3
η). (25)
Assuming η is a constant parameter and the present value of the equation of state is
wX(a0) = w0, then we can solve Eq. (25) as
wX(a) = −1 + 1
3
(1 + w0)η
(1 + w0)− (1 + w0 − η3 )a2η
(Parameterization III) . (26)
#1The assumption |β| ≪ 1 is reasonably satisfied around present time for thawing quintessence models
with quadratic potential, V = 1
2
m2φφ
2, or cosine-type, V =M(1− cos(φ/f)), (see e.g., [21,22]). However,
β becomes 2
3
and 1
2
in the radiation and matter dominated eras, respectively, for the thawing model.
#2We here assume |1 + wX | ≪ 1 and |η| ≪ 1. The condition |η| ≪ 1 is valid for slow-roll thawing
models. Although this assumption is not necessarily satisfied similarly as |β| ≪ 1, we here adopt these
assumptions to find a simple parameterization, which accommodate a possibility to reflect the sign of the
effective mass squared.
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We introduce this parameterization, especially, to differentiate the sign of the effective
mass squared and to distinguish the two typical thawing models.
In the following analysis, we take these three parameterizations Eqs. (11), (13), and (26)
for wX to investigate to what extent one can differentiate the potentials of quintessence.
4 Analysis
We here summarize the method of our analysis. We use angular power spectra from CMB
and large scale structure, taking auto- and cross-correlations among them to utilize the
information thoroughly.
4.1 Cosmological observables
4.1.1 CMB
Integrated Sachs-Wolfe effect
The presence of dark energy or the cosmological constant causes the decay of the gravi-
tational potential, then affects the propagation of CMB photons along the line of sight.
We can observe this effect as a cumulative one, hence name the (late-time) integrated
Sachs-Wolfe (ISW) effect [25]. Since the cross-correlation between CMB and LSS such
as galaxy clustering and week lensing field arises due to the ISW effect, the presence of
non-vanishing cross-correlation between CMB and LSS on large scales can be a signature
of dark energy.
CMB temperature fluctuations on large scales mainly come from the Sachs-Wolfe ef-
fect as a primary source and the ISW effect as a secondary one at late time. Thus we
can schematically write the temperature fluctuation as ∆TCMB = ∆TSW + ∆TISW. The
contribution from the ISW effect ∆TISW is given by
∆TISW(nˆ)
TCMB
=
∫ χ∗
0
dχ [Φ′(nˆ, χ(z))−Ψ′(nˆ, χ(z))] , (27)
where TCMB is the mean temperature of CMB, nˆ is the direction along the line of sight,
χ is the comoving distance and χ∗ denotes the comoving distance to the last scattering
surface. Here Φ and Ψ are the curvature perturbation and the gravitational potential,
respectively, which can be related as Φ = −Ψ on subhorizon scales, and a prime denotes
a derivative with respect to the conformal time.
Deep in the horizon scale, the gravitational potential can be related to matter density
fluctuations in Fourier space through the Poisson equation as
Φ(k, z) = −3
2
Ωm,0H
2
0
ak2
δ(k, z). (28)
On large scales where the the fluctuations are small δ(k, z) ≪ 1 and the linear theory is
valid, they can be written as δ(k, z) = δ(k, 0)D(z)/D0, where D(z) is the linear growth
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factor normalized as D(z) ∝ a(z) in the matter nominated era and D0 is the value at the
present time.
CMB lensing potential
The gravitational potential produced by large-scale structures deflects CMB photons on
the way propagating to us, and produces other secondary effects on CMB temperature
and polarization fields (see, e.g., [26]). We can understand such effect as a displacement of
patches with deflection angle d(nˆ) on the sphere, and the relationship between the lensed
temperature anisotropy T˜ (nˆ) and the unlensed one T (nˆ) is given by T˜ (nˆ) = T (nˆ+d(nˆ)).
The deflection angle can be written with the lensing potential ψ as d(nˆ) = ∇ψ(nˆ), where
ψ is defined as
ψ(nˆ) = −2
∫ χ∗
0
dχ
χ∗ − χ
χ∗χ
Ψ(nˆ, χ(z)). (29)
Here we take ψ(nˆ) to be an observable which characterizes weak lensing effects of CMB.
The lensing potential ψ can be reconstructed from both observed temperature and
polarization fields with a quadratic estimator and the noise of the lensing potential can be
estimated as the reconstruction error (see, e.g., [27–29]). To compute the lensing potential
(ψ), we use a publicly available Boltzmann code CAMB [30], and modify it to include a
quintessence scalar field.
4.1.2 Galaxy Clustering
We observe the distribution of galaxies as the projected galaxy over-density in photometric
redshift surveys. We consider a tomographic one, in which we can separate galaxies into
some redshift bins. Fluctuations of the galaxy distribution in the i-th redshift bin are
given by
gi(nˆ) =
∫ zi+1
zi
dz bg(z)Ni(z) δ(nˆ, z), (30)
where bg(z) is the galaxy bias, Ni(z) is the selection function which represents the redshift
distribution of sample galaxies, and the subscript i denotes a redshift bin.
For the redshift distribution of sample galaxies, we adopt the analytic formula of [34],
which includes the effect of photometric redshift errors as
pi(zph|z) = 1√
2πσz(z)
exp
[
−(z − zph)
2
2σ2z(z)
]
, (31)
where σz(z) denotes a redshift scatter systematic error and is given by
σz(z) = σ
(i)
z (1 + z), (32)
with σ(i)z = 0.03 for each redshift bin. Then, the selection function Ni(z) which includes
the effect of photometric redshift errors is written as
Ni(z) =
∫ z(i+1)
ph
z
(i)
ph
dzphN(z)pi(zph|z) = 1
2
[erf(xi+1)− erf(xi)]N(z), (33)
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where xi ≡ (z(i)ph − z)/
√
2σz(z) and the redshift distribution of galaxy samples N(z) is
assumed to be [35, 36]
N(z) ∝ zα exp
[
−
(
z
z0
)β]
. (34)
Here N(z) should be normalized as
∫
N(z)dz = 1 and we adopt α = 2.0, β = 1.5. z0 is
determined from the relation with mean redshift zm defined as
zm =
∫
zN(z)dz. (35)
We adopt the mass weighted average bias given by
bg(z) =
∫
∞
Mmin
bh(M, z)
dnh(M, z)
dM
dM
/[∫
∞
Mmin
dnh(M, z)
dM
dM
]
, (36)
where Mmin is the minimum mass of the halos which host the galaxies we can observe,
bh(M, z) and dnh(M, z)/dM denote the halo bias and the halo mass function, respectively.
We utilize the models of [31] and [32] for the halo bias and the halo mass function, re-
spectively. In the following, we treat Mmin as a model parameter to determine the galaxy
bias, and also derive its constraint from mock data.
4.1.3 Galaxy weak lensing
The light path from distant galaxies is deflected by foreground large-scale structures. The
effects can be observed as the magnification or the distortion of images of background
galaxies (see, e.g., [33]) and the effects can be evaluated from the measurements of shear
of each galaxy. Here we consider a galaxy weak lensing survey with photometric redshift.
The averaged galaxy weak lensing shear is given by
γi(nˆ) =
3Ωm0H
2
0
2
∫
∞
0
dχ
χ(z)
a(z)
[∫ zi+1
max(z,zi)
dz′Ni(z′)χ(z
′)− χ(z)
χ(z′)
]
δ(nˆ, χ(z)) , (37)
where we assume a tomographic survey and the subscript i denotes a redshift bin.
4.2 Angular power spectra
An observable given by the projection of the line of sight along the comoving radial coor-
dinate χ in direction nˆ is given by
X(nˆ) =
∫
dχSX(nˆχ, τ0 − χ), (38)
where SX(k, τ) represents the source term of X . Assuming statistical isotropy, angular
correlation between two observables X and Y is given by angular power spectrum as
〈aXℓmaY ∗ℓ′m′〉 = CXYℓ δℓℓ′δmm′ , (39)
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where aXℓm are the expansion coefficients of the observables X(nˆ) in spherical harmonics,
X(nˆ) ≡ ∑ℓm aXℓmYℓm(nˆ), and given by
aXℓm = 4π (−i)ℓ
∫
d3k
(2π)3
Y ∗ℓm(kˆ)
∫
dχSX(k, τ0 − χ)jℓ(kχ). (40)
If we write the source term as SX(k, τ0−χ) = SX(k, τ0−χ)Φ˜(k), then the angular power
spectrum is given by
CXYℓ =
2
π
∫
d3kPΦ(k)
∫
dχSX(k, τ0 − χ)jℓ(kχ)
∫
dχ′SY (k, τ0 − χ′)jℓ(kχ′), (41)
where Φ˜(k) is the Fourier transform of the primordial curvature perturbation Φ(nˆ), PΦ(k)
is the power spectrum of Φ, and SX(k, τ0 − χ) is the transfer function of X .
In the following analysis, we take into account all auto- and cross-correlations be-
tween different observables, except for the cross-correlations of CMB E-mode polarization
with CMB lensing, galaxy clustering and galaxy weak lensing shear. This is because
CMB E-mode polarizations are produced at the last scattering surface or at the epoch of
reionization, whose redshifts are much larger than those probed by CMB lensing, galaxy
clustering and galaxy weak lensing.
4.3 Parameter estimation with angular power spectra
In order to discuss whether we can probe the differences among quintessence models,
we fit the phenomenological dark energy models based on the parameterized equation
of state given in Section 3, by generating mock data of angular power spectra CXYℓ,fid for
the fiducial quintessence models, with X, Y representing the observables discussed above.
Following [37], we evaluate χ2 as
χ2 =
∑
XY,ZW
∑
ℓ
(
CXYℓ,fid −CXYℓ,mod
)T
(Covℓ)
−1
XY,WZ
(
CWZℓ,fid −CWZℓ,mod
)
, (42)
where CXYℓ,mod is the power spectra for the phenomenological dark energy model and (Covℓ)
denotes covariance matrix. Each component of the covariance matrix is given by
Covℓ
[
CXYℓ,fid, C
WZ
ℓ,fid
]
=
1
(2ℓ+ 1)fsky
(
C˜XWℓ C˜
YZ
ℓ + C˜
XZ
ℓ C˜
YW
ℓ
)
, (43)
with
C˜XYℓ ≡ CXYℓ,fid +NXYℓ . (44)
Here fsky is the sky coverage, N
X
ℓ is the noise spectrum for the auto- or cross-correlations
between the observables X and Y . For this noise spectrum, we assume that the correla-
tions of noises between different observables are negligible; NXYℓ ≡ δXYNXℓ .
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Experiment fsky ν θFWHM ∆
T
ν ∆
P
ν
[GHz] [arcmin] [µK/pixel] [µK/pixel]
COrE 0.65 105 10.0’ 0.536 0.926
135 7.8’ 0.674 1.167
165 6.4’ 0.834 1.441
195 5.4’ 0.974 1.681
225 4.7’ 1.123 1.945
255 4.1’ 2.966 5.122
285 3.7’ 5.459 9.405
315 3.3’ 16.30 28.24
375 2.8’ 49.00 85.00
435 2.4’ 124.0 215.0
Table 1: The specification of CMB experiment. fsky is the sky coverage, θFWHM is the beam
width at FWHM, ∆Tν and ∆
P
ν represent the sensitivity of each channel to the temperature
and polarization, respectively. ν indicates the channel frequency of detectors. We assume
the COrE-like satellite survey, and these parameters can be found in [38].
For the CMB experiment, we assume the ideal condition in which foreground removal
can be done completely and noise components depend only on detector noise. If the
detector noise is Gaussian white noise, the noise spectra for the temperature and the
polarization fluctuations are given by
NT,Pℓ =
[∑
ν
{(
θFWHM,ν∆
T,P
ν
)
−2
exp
(
−ℓ(ℓ + 1)θFWHM,ν
8 ln 2
)}]
−1
, (45)
where the superscripts T and P = {E,B} denote the temperature and the polarization
components, respectively, ν is the frequency at each band channel, ∆T,Pν is the sensitivity
of detector per pixel at ν band and θFWHM,ν represents the resolution at ν band. The values
for the COrE-like satellite are given in Table 1. On the estimation of the CMB lensing
potential ψ, we adopt the noise spectrum of the lensing potential Nψl following the method
in [28] optimally combining the temperature and the polarization fields. Therefore, the
temperature T and the E-mode polarization in our analysis are unlensed components and
all information on CMB lensing is included in the lensing potential ψ.
For a galaxy clustering measurement gi, noise contribution is associated with the finite-
ness of the galaxy samples and we assume that the shot noise is given by
Ngiℓ = δij
1
n¯Ai
, (46)
where n¯Ai is the mean surface density of galaxies per steradian in the i-th redshift bin.
For a galaxy weak lensing survey γi, we suffer from the uncertainties in measuring the
shear from galaxy images, one of which mainly comes from the intrinsic shape ellipticities
11
The specification of the LSST survey
survey area sample galaxies mean redshift maximum redshift redshift bin
fsky n¯g [arcmin
−2] zm zmax
LSST 0.5 50 1.2 3.0 5
The redshift range for the tomographic survey
i-th bin 1st 2nd 3rd 4th 5th
redshift 0 < z ≤ 2
5
zm
2
5
zm < z ≤ 45zm 45zm < z ≤ 65zm 65zm < z ≤ 85zm 85zm < z ≤ zmax
Table 2: The specification of the LSST survey (Top) and the redshift ranges of the i-th
bin for the case of dividing into five redshift bins (Bottom).
of galaxies. The galaxy shapes can be treated statistically and the noise spectrum is given
by
Nγiℓ = δij
σ2γ
nAi
, (47)
where σγ is the uncertainty in the shape measurement and we adopt the value σγ = 0.03
for all redshift bins.
Here we assume the specification of the Large Synoptic Sky Survey (LSST#3) [39] and
adopt the following survey parameters: the survey area is 20,000 deg2, the mean redshift is
zm = 1.2, the maximum redshift is zmax = 3.0, and the number density of sample galaxies
is n¯g = 50 arcmin
−2. Moreover, we assume a tomographic survey divided into five redshift
bins. The redshift range for each bin is shown in Table 2.
We plot angular power spectra of CMB (temperature mode and lensing potential),
galaxy clustering, and galaxy weak lensing shear in Figures 1, 2 and 3, respectively. Cases
for ΛCDM, freezing and thawing models are shown and both quadratic and cosine-type
potential models are adopted for thawing models. Model parameters for quintessence are
chosen such that the present value of the equation of state becomes wX = −0.90. Other
cosmological parameters are taken be those of the mean values of WMAP7+BAO+H0
analysis for ΛCDM model [50]. In an analogous fashion, we show the spectra of galaxy
clustering and galaxy weak lensing shear in Figure 2 and 3, respectively. Auto-correlations
in the 1st, 3rd and 5th bins are only depicted for reference.
To discuss the advantage of combining multiple observational data, we consider the
following two cases:
• Case I: CMB + SNe
CXYℓ = {CTTℓ , CEEℓ , CTEℓ , Cψψℓ , CTψℓ },
#3http://www.lsst.org
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Figure 1: The angular power spectra of CMB for the cases with ΛCDM and some
quintessence models (Top). The deviation of the power spectra for the quintessence mod-
els from that of ΛCDM (Bottom). The solid (red) line represents the ΛCDM model, the
dotted (green) line is for the freezing model, the dashed (magenta) line is for the thaw-
ing model with the quadratic potential, and the dot-dashed (blue) line is for the thawing
model with the cosine-type potential. The filled boxes are binning noise spectrum for
COrE-like CMB experiment. The fiducial models of quintessence are chosen such that the
present value of the equation of state being wX(a0) = −0.90. We plot the power spectra
for CMB temperature (left) and CMB lensing potential (right). For comparison, we also
plot the linear angular power spectrum of CMB lensing potential for the ΛCDM model
with dashed (red) line.
• Case II: (CMB × Galaxy clustering × Galaxy weak lensing) + SNe
CXYℓ = {CTTℓ , CEEℓ , CTEℓ , Cψψℓ , CTψℓ , Cgigjℓ , Cγiγjℓ , Cgiγjℓ , CTgiℓ , CTγiℓ , Cψgiℓ , Cψγiℓ , },
where Case I corresponds to the constraint from CMB, and Case II corresponds to that
from auto-correlations of CMB, galaxy clustering and galaxy weak lensing with cross-
correlations between different surveys. Both cases include the information from the SNe
survey, for which we assume JDEM-like specification#4.
Then we define the total chi-square of all observables χ2tot as
χ2tot = χ
2
(I or II)(Cℓ,mod) + χ
2
SNe(µi,mod), (48)
where χ2(I or II)(Cℓ,mod) denotes the chi-square for the angular power spectra given in Eq. (42)
#4http://science1.nasa.gov/missions/jdem/
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Figure 2: Same as Figure 1 except for the angular power spectra of the galaxy clustering.
The filled boxes are binning noise spectrum for the LSST survey. We plot only the auto-
correlations ones for the 1st, 3rd and 5th bins in the figure.
for Case I or Case II, respectively, and χ2SNe(µi,mod) is that from the SNe survey (given by
Eq. (54) in Appendix A.3).
We explore the parameter space by Markov-chain Monte-Carlo method and for this
purpose we modify the publicly available code CosmoMC [40]. To estimate the constraints,
we adopt the range of multipole moments as [ℓmin,ℓmax]=[2,2000] for CMB observables
(T ,E,ψ), and [ℓmin,ℓmax]=[2,200] for the LSS observables (g,γ), respectively. For the cross-
correlations between CMB and LSS observables, we adopt the same range as that for
LSS.
5 Forecast
Now we discuss the possibility to distinguish the different quintessence models which give
the same present value of wX from future cosmological surveys. For this purpose, we
derive the constraints for parameterized dark energy models described in Section 3.2 using
the mock data generated by assuming the three fiducial quintessence models. The first
fiducial model is the thawing model in which the potential is a simple quadratic potential
given by Eq. (8) and labeled as “Thawing I.” The second one is the thawing model with
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Figure 3: Same as Figure 2 but for the angular power spectra of the galaxy weak lensing
shear.
the potential of a cosine-type given by Eq. (9) and labeled as “Thawing II.” The final
one is the freezing model in which the potential is a typical inverse power-law type given
by Eq. (10) and labeled as “Freezing”. As for the parameterizations of the dark energy
equation of state, we adopt the three parameterizations given by Eqs. (11), (13), and (26).
Since perturbation equations are unstable for dark energy models crossing wX = −1,
we introduce a prior for dark energy equation of state which forbids the crossing of wX =
−1. We note that this is a reasonable assumption for this work because quintessence
models with the canonical kinetic term predict its equation of state to be wX ≥ −1.
However, to check this prior effect, we compare the models with or without the prior for
“Parameterization I” in Appendix A.4 by using only the background quantities.
Now we investigate how much we can differentiate the thawing and the freezing models
from future observations of CMB, galaxy clustering and weak lensing shear. In the analysis,
we vary standard six cosmological parameters plus the model parameters of the dark energy
equation of state wX(a) for each parameterization and the galaxy bias parameter bg(z);
{Ωbh2, Ωch2, θs, τ reion, ns, As }+
{
model parameters of wX(a)
}
+{galaxy bias bg(z); Mmin}
(49)
where Ωb and Ωc are the density parameters of baryon and CDM, h is the dimension-less
Hubble parameter, θs is the ratio of the sound horizon to the angular diameter distance,
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Figure 4: Expected constraints for Parameterization I from SNe + CMB (left) and SNe +
CMB + LSS (right). The present value of the equation of state for each fiducial model is
chosen as wX(a0) = −0.90 (top) and wX(a0) = −0.95 (bottom), respectively. The contours
show the 68% and 95% confidence level for Freezing (green), Thawing I (magenta), and
Thawing II (cyan).
τ reion is the optical depth of reionization, ns andAs are the spectral index and the amplitude
of the initial power spectrum, respectively. Additionally, we include the parameter Mmin
shown in Eq. (36) to determine the galaxy bias parameter when the observable of galaxy
clustering is included.
5.1 Difference between Thawing and Freezing models
Here we show the constraints on the cosmological parameters and the parameters for the
dark energy equation of state for the three fiducial models of quintessence, which are the
potential models given in Sec. 2 and labeled as Thawing I, Thawing II and Freezing in the
figures hereafter. In Figure 4, we adopt “Parameterization I” given in Eq. (11) and show
the constraints projected on the w0−w1 plane. The fiducial models of quintessence in the
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w0 w1
Best fit 68% limits Best fit 68% limits χ2min
wX(a0) = −0.90
Freezing
SNe + CMB -0.90 -0.91 ± 0.018 0.089 0.101 ± 0.048 3.250
SNe + CMB + LSS -0.90 -0.90 ± 0.015 0.084 0.074 ± 0.040 6.949
Thawing I
SNe + CMB -0.93 -0.93 ± 0.013 -0.044 -0.036 ± 0.035 3.445
SNe + CMB + LSS -0.92 -0.93 ± 0.009 -0.076 -0.053 ± 0.022 4.467
Thawing II
SNe + CMB -0.92 -0.94 ± 0.014 -0.075 -0.031 ± 0.036 3.652
SNe + CMB + LSS -0.93 -0.94 ± 0.009 -0.062 -0.047 ± 0.023 4.921
wX(a0) = −0.95
Freezing
SNe + CMB -0.96 -0.96 ± 0.018 0.079 0.086 ± 0.052 3.302
SNe + CMB + LSS -0.94 -0.95 ± 0.017 0.037 0.052 ± 0.048 4.404
Thawing I
SNe + CMB -0.96 -0.97 ± 0.013 -0.020 0.006 ± 0.036 3.438
SNe + CMB + LSS -0.96 -0.97 ± 0.010 -0.041 -0.013 ± 0.027 4.133
Thawing II
SNe + CMB -0.96 -0.97 ± 0.013 -0.010 0.008 ± 0.036 3.410
SNe + CMB + LSS -0.96 -0.97 ± 0.010 -0.040 -0.011 ± 0.025 4.209
Table 3: Best-fit values and 68% confidence limits for Parameterization I.
top and bottom panels have different values of the equation of state at present time with
wX(a0) = −0.90 and wX(a0) = −0.95, respectively. For other cosmological parameters, we
take the mean values from WMAP7+BAO+H0 analysis for the ΛCDM model [50] as their
fiducial ones. In the figure, the gray region corresponds to so-called phantom one with
w0 + w1 < −1, which is excluded by the prior mentioned above. The best-fit values and
derived mean values with marginalized 1-σ errors for the parameters of Parameterization I
are summarized in Table 3.
We can find clear difference between the thawing and the freezing models on these
planes even without the LSS observables. However, for our purpose to discriminate them,
the sign of w1 is crucially important because w1 < 0 is expected for the thawing models
and w1 > 0 for the freezing ones. From this viewpoint, we can conclude that, only for the
case with wX(a0) = −0.90, they can be discerned at 1σ confidence level (CL) without the
LSS observables. The LSS observables can further improve the constraint and enables us
to discriminate them at more than 1σ (2σ) CL as long as the present equation of state
wX(a0) >∼ − 0.95 (−0.90).
We also study constraints adopting another parameterization for the equation of state
to see its dependence on the parameterization. In Figure 5 and 6, we show the results
for “Parameterization II” given by Eq. (13). Although this parameterization contains
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Figure 5: Same as Figure 4, except for the constraints for Parameterization II with the
value of q = 0.8.
four parameters wa, wb, as and q, we fix the value of q as 0.8 and 100 for Figure 5 and 6,
respectively. The different values of q give the different slope or interval of the evolution for
the dark energy equation of state. Small q gives a mild and long-term shift of wX(a) while
large q gives a rapid and short-term shift. The figures represent constraints on the wa−wb
plane. For the same reason as discussed above, we prohibit the phantom region of dark
energy equation of state with wX(a) < −1, which corresponds to wa < −1 and wb < −1
in this parameterization. The best-fit values and derived mean values with marginalized
1σ errors for the parameters of Parameterization II are summarized in Table 4.
In the case of q = 0.8, the thawing and the freezing models show up in different
parameter regions even without the LSS observables. Note, however, that the allowed
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Figure 6: Same as Figure 4, except for the constraints for Parameterization II with the
value of q = 100.
region should appear in the down-right side (wa > wb) on the wa − wb plane for thawing
models while in the up-left side (wb > wa) for freezing ones. In this respect, we conclude
from Figure 5 that we cannot distinguish them without the LSS observables. Only when
combing the LSS observables, they can be differentiated at 1σ CL only for the case with
wX(a0) = −0.90. For the case with wX(a0) = −0.95, we cannot make a definite statement
for the difference between the thawing and the freezing models.
Let us move on to the case of q = 100. Apparently, the distributions of allowed
regions drastically change (Figure 6). This is because the evolution of the equation of
state shows an instantaneous transition and the constraints are almost determined by the
value of equation of state in the fiducial model at the present epoch. If the transition of
the equation of state occurs early enough, it is almost constant, wX(a) ≃ wa, over the
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observationally relevant epoch. However, the results are almost the same as those for the
case of q = 0.8 in terms of discrimination of the thawing and the freezing models. As shown
in Figure 6, they can be distinguished at 1σ CL only for the case with wX(a0) = −0.90
while they are indistinguishable for the case with wX(a0) = −0.95.
To summarize, as for parameterization II, there is no substantial difference between
the cases with q = 0.8 and q = 100 in order to distinguish between the thawing and the
freezing models on the wa − wb plane.
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wa wb as
Best fit 68% limits Best fit 68% limits Best fit 68% limits χ2min
wX(a0) = −0.90 (q = 0.8)
Freezing
SNe + CMB -0.99 -0.94 ± 0.039 -0.75 -0.81 ± 0.036 0.38 0.60 ± 0.19 3.479
SNe + CMB + LSS -0.98 -0.93 ± 0.038 -0.77 -0.83 ± 0.028 0.42 0.63 ± 0.18 6.322
Thawing I
SNe + CMB -0.91 -0.93 ± 0.029 -0.98 -0.95 ± 0.029 0.67 0.67 ± 0.19 3.619
SNe + CMB + LSS -0.91 -0.92 ± 0.024 -0.99 -0.97 ± 0.022 0.55 0.69 ± 0.19 6.056
Thawing II
SNe + CMB -0.91 -0.94 ± 0.028 -0.99 -0.96 ± 0.027 0.55 0.68 ± 0.19 3.710
SNe + CMB + LSS -0.90 -0.93 ± 0.024 -0.99 -0.97 ± 0.022 0.88 0.70 ± 0.19 6.003
wX(a0) = −0.95 (q = 0.8)
Freezing
SNe + CMB -0.99 -0.96 ± 0.032 -0.87 -0.90 ± 0.034 0.57 0.62 ± 0.19 3.973
SNe + CMB + LSS -0.99 -0.95 ± 0.033 -0.86 -0.91 ± 0.034 0.47 0.64 ± 0.19 4.110
Thawing I
SNe + CMB -0.95 -0.97 ± 0.020 -0.98 -0.96 ± 0.020 0.93 0.66 ± 0.19 3.284
SNe + CMB + LSS -0.98 -0.97 ± 0.018 -0.96 -0.97 ± 0.018 0.85 0.66 ± 0.19 4.772
Thawing II
SNe + CMB -0.97 -0.97 ± 0.019 -0.96 -0.96 ± 0.019 0.70 0.66 ± 0.19 3.357
SNe + CMB + LSS -0.96 -0.97 ± 0.017 -0.98 -0.97 ± 0.017 0.64 0.67 ± 0.19 4.700
wX(a0) = −0.90 (q = 100)
Freezing
SNe + CMB -0.89 -0.90 ± 0.039 -0.85 -0.84 ± 0.039 0.66 0.64 ± 0.21 2.874
SNe + CMB + LSS -0.89 -0.89 ± 0.029 -0.85 -0.84 ± 0.026 0.57 0.64 ± 0.20 6.150
Thawing I
SNe + CMB -0.92 -0.90 ± 0.056 -0.96 -0.96 ± 0.017 0.73 0.74 ± 0.19 3.029
SNe + CMB + LSS -0.90 -0.90 ± 0.060 -0.96 -0.97 ± 0.012 0.77 0.79 ± 0.12 3.868
Thawing II
SNe + CMB -0.91 -0.89 ± 0.065 -0.96 -0.96 ± 0.016 0.82 0.76 ± 0.19 3.111
SNe + CMB + LSS -0.90 -0.88 ± 0.063 -0.97 -0.97 ± 0.011 0.80 0.79 ± 0.14 3.885
wX(a0) = −0.95 (q = 100)
Freezing
SNe + CMB -0.94 -0.94 ± 0.036 -0.88 -0.90 ± 0.046 0.44 0.61 ± 0.21 3.025
SNe + CMB + LSS -0.94 -0.93 ± 0.042 -0.91 -0.91 ± 0.034 0.56 0.63 ± 0.22 4.114
Thawing I
SNe + CMB -0.87 -0.92 ± 0.072 -0.97 -0.97 ± 0.016 0.95 0.76 ± 0.21 3.090
SNe + CMB + LSS -0.94 -0.91 ± 0.072 -0.98 -0.97 ± 0.025 0.86 0.75 ± 0.20 3.914
Thawing II
SNe + CMB -0.91 -0.92 ± 0.072 -0.97 -0.97 ± 0.013 0.94 0.77 ± 0.20 3.126
SNe + CMB + LSS -0.95 -0.91 ± 0.071 -0.98 -0.98 ± 0.012 0.86 0.79 ± 0.19 3.852
Table 4: Best-fit values and 68% confidence limits for Parameterization II.
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Figure 7: Same as Figure 4, but for the constraints for Parameterization III.
5.2 The sign of the effective mass squared within thawing models
In this subsection, we investigate the possibility of distinguishing the different thawing
quintessence models, i.e., quadratic and cosine-type potentials. For this purpose, we focus
on the sign of the effective mass squared of the potentials and adopt Parameterization III
given in Eq. (26).
In Figure 7, we show the results for Parameterization III. While the main purpose
of this analysis is to investigate whether we can differentiate the sign of the effective
mass of the potential for the thawing model, we also show the constraint on the freezing
model in the same figures for comparison. The best-fit values and derived mean values
with marginalized 1σ errors for the parameters of Parameterization III are summarized in
Table 5.
Despite our expectation, constraints on the parameter η are indistinguishable within
the thawing models, i.e., quadratic and cosine-type potentials. This is because the pa-
rameter η not only serves as potential curvature but also affects the time evolution of the
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w0 η
Best fit 68% limits Best fit 68% limits χ2min
wX(a0) = −0.90
Freezing
SNe + CMB -0.90 -0.90 ± 0.015 -0.57 -0.55 ± 0.12 2.902
SNe + CMB + LSS -0.90 -0.90 ± 0.012 -0.59 -0.54 ± 0.10 7.108
Thawing I
SNe + CMB -0.91 -0.89 ± 0.028 0.39 0.60 ± 0.41 3.152
SNe + CMB + LSS -0.90 -0.89 ± 0.025 0.70 0.83 ± 0.34 4.257
Thawing II
SNe + CMB -0.91 -0.90 ± 0.027 0.40 0.68 ± 0.41 3.202
SNe + CMB + LSS -0.88 -0.90 ± 0.025 1.11 1.06 ± 0.34 4.570
wX(a0) = −0.95
Freezing
SNe + CMB -0.95 -0.94 ± 0.016 -0.57 -0.41 ± 0.24 3.241
SNe + CMB + LSS -0.95 -0.94 ± 0.013 -0.39 -0.40 ± 0.20 4.646
Thawing I
SNe + CMB -0.95 -0.94 ± 0.022 0.37 0.63 ± 0.52 3.284
SNe + CMB + LSS -0.95 -0.94 ± 0.019 0.71 0.84 ± 0.48 4.116
Thawing II
SNe + CMB -0.95 -0.95 ± 0.029 0.42 0.30 ± 0.99 3.169
SNe + CMB + LSS -0.93 -0.94 ± 0.017 1.08 0.92 ± 0.46 4.017
Table 5: Best-fit values and 68% confidence limits for Parameterization III.
equation of state. In other words, the information about η is obtained mainly through
Eq. (25) and not through Eq. (24). Even if we combine the LSS observables, we cannot
see the difference of the effective mass squared between the two thawing models.
5.3 Discussion
We performed analyses assuming some parameterizations for the dark energy equation
of state. Constraints on each parameter plane depend on the parameterization, and the
degree of how we can distinguish the different potential models also varies by the param-
eterizations. Here we discuss what parameterization of the dark energy equation of state
we should adopt in order to discriminate quintessence models.
As shown in the previous section, Parameterization I enables us to discriminate them
at more than 1σ (2σ) CL for the present equation of state wX(a0) >∼ − 0.95 (−0.90). On
the other hand, in terms of Parameterization II with q = 0.8 or q = 100, they can be
distinguished at 1σ CL only for the case with wX(a0) = −0.90 while they are indistin-
guishable for the case with wX(a0) = −0.95. In the analysis, we fixed the parameter q
(albeit varied as) simply because we need enormous numerical efforts due to the degenera-
cies in the parameters q and as. However, we would expect that, if we vary both q and as
23
simultaneously, the degeneracy between these parameters would in turn give another de-
generacy in other parameters such as wa and wb and loosen the constraints. Therefore, for
the purpose of distinguishing the thawing and the freezing models, our analysis suggests
that Parameterization I would be more suitable compared to Parameterization II.
For the different potentials within the thawing model, we cannot see the apparent
distinction between them from the results with the parameterizations considered in this
paper. The equations of state of these two thawing models predict almost the same time
evolution, however they have enormously different feature in the parameter η given in
Eq. (23). The parameter η corresponds to the curvature of the effective mass squared of
potential and those of Thawing I and Thawing II have opposite signs. To focus on these
aspects, we have adopted Parameterization III and have expected that the parameter η
of this parameterization could reflect the difference between these two models effectively.
However, contrary to the fact that Thawing I has a positive sign and Thawing II has
a negative sign of η, the difference appears only between thawing (η < 0) and freezing
(η > 0). Absolutely, the effects on the density perturbations due to the differences of the
potential’s curvature are reflected through Eq. (24), but the constraints seem to reflect the
evolution of the equation of state only. Parameterization III cannot necessarily well capture
the differences of curvature and we may have to consider another parameterization which
can trace the property of potential more efficiently to distinguish the different potentials
within the thawing models.#5
Now several comments on the benefits from large-scale structure surveys are in order.
The different potentials of quintessence models modify the evolution of density fluctuations
besides the expansion rate of the Universe. Although the temperature fluctuations of CMB
can be affected by the density fluctuations of dark energy at late times through the late-
ISW effect, we cannot expect large signal-to-noise ratio from this effect due to the cosmic
variance. On the other hand, observables from large-scale structure surveys such as galaxy
clustering and galaxy weak lensing directly trace the evolution at low redshifts where dark
energy becomes the dominant component of the Universe, thus in general, we can extract
the information about the evolution of the density fluctuations more effectively with LSS
surveys. Furthermore, the observable from the SNe survey provides only the information
of background quantities through distance measurement. Actually the information from
the SNe survey plays the most dominant role in the constraint of the equation of state
parameters, but the information about density fluctuations is independent and helps to
break the degeneracies among model parameters. Additionally, the different potentials of
the thawing models show a similar evolution of the equation of state and the difference
between them appears in the evolution of density fluctuations. Therefore, the information
#5In Ref. [41], they perform the analyses to put the bounds on models of quintessence from current
data by using the parameterization of the dark energy equation of state. The parameterization also
includes parameters which can reflect the curvature of the potential and which controls the evolution of
the equation of state, separately (e.g., [21, 42]), and an analysis with such a parameterization might be
a breakthrough for the classification within the thawing models, though the parameterization is a bit
complicated in a present form.
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about the density fluctuations is absolutely necessary to distinguish the potential models
more finely.
In fact, although the inclusion of LSS data has not drastically improved the constraints
on dark energy parameters in our analysis, such improvement is useful to discriminate the
thawing and the freezing models, as discussed in the subsection 5.1. For example, in
the case of Parameterization I, we can differentiate the models at 1σ confidence level
(CL) without the LSS observables only for the case with wX(a0) = −0.90. However, the
inclusion of the LSS observables enables us to discriminate them at more than 1σ (2σ) CL
as long as the present equation of state wX(a0) >∼ − 0.95 (−0.90). We should also note
that there is a possibility of putting tighter constraints on dark energy from future survey
of LSS such as Euclid [43]#6. Euclid is a satellite telescope and provides spectroscopic
redshift information. The spectroscopic redshift survey provides more information than
photometric redshift surveys and allows us to measure the three-dimensional galaxy power
spectra. Therefore, the spectroscopic survey by Euclid will have a potential to put tighter
constraints on dark energy, which will be a next step of this work.
On the other hand, constraints from the LSS observables can be affected by the de-
signs of survey, for example observing redshift range, the number or width of redshift
bins, systematics of surveys, and so on. One of the most serious theoretical uncertain-
ties of LSS survey is the non-linearity of matter power spectra on small scales. In such
scales, we have to take care of mode-couplings for the estimation of covariance matrix and
the misestimation may lead to an incorrect constraint. However we used the information
only in relatively large scale region where the linear theory is reasonably satisfied for the
observables of the galaxy clustering and galaxy weak lensing. Therefore, the systemat-
ics due to the non-linearity should be small in our analysis, and the covariance matrix
used in this paper would give a reasonable estimate. In addition to the above uncer-
tainties, there are various systematics for galaxy weak lensing shear survey, for example,
on the measurement of galaxy shear and the uncertainties due to photometric redshift
measurement. They make crucial systematics for constraints on dark energy and/or other
parameters [44, 45]. In this paper, we take into account those systematics as the uncer-
tainties of the observables. Therefore, the effects from the other systematics should not
affect our results much.
6 Summary
We performed the analysis to investigate how we can distinguish the different models of
quintessence from cosmological surveys in a next few decades. In this paper we adopted
three types of quintessence potentials as the fiducial models and explored the cosmological
parameter space with MCMC method for each fiducial model. For fitting models, we
assumed some parameterizations for the dark energy equation of state, and considered
future cosmological surveys such as those of the type-Ia supernovae (JDEM), CMB (COrE)
#6http://sci.esa.int/euclid
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and large scale structures (LSST).
Regarding the differentiations of the thawing and the freezing quintessence models, we
can discriminate them at more than 1σ (2σ) CL for the case with the present equation of
state wX(a0) >∼ − 0.95 (−0.90), when we make use of Parameterization I. On the other
hand, weaker constraint is obtained for Parameterization II for fixed q’s. They can be
distinguished at 1σ CL only for the case with wX(a0) = −0.90 while they are indistin-
guishable for the case with wX(a0) = −0.95. Thus, we conclude that Parameterization I
would be more suitable, compared Parameterization II, in order to distinguish the thawing
and the freezing quintessence models.
For further discrimination of thawing quintessence models, we considered quadratic
and cosine-type potentials. In the analysis using parameterization I and II, we could not
see clear differences between them. Then we considered the parameterization III which
is focused on the curvature or the sign of the effective mass squared of the potential.
Unfortunately, again we could not see clear differences even with this parameterization.
Contrary to our expectation, it is found that this parameterization can not reflect the
curvature of potentials effectively and the sign of curvature is not imprinted into the model
parameters. Therefore, we conclude that we have to invent a new way of parameterization
which can express the difference of potential’s curvature more effectively to distinguish
the potentials of thawing models.
In this work, we concentrated on constraints on dark energy but we can apply the
method here to other subjects, for example the test of gravity, neutrinos, warm dark
matter models, and so on, to compare the constraints on different models. Moreover the
spectroscopic surveys of large scale structure will provide more information and put tighter
constraints. However, distinguishing quintessence potentials within the thawing models
will not be improved by including spectroscopic surveys because a crucial problem seems
to be in the parameterization of the equation of state, which will be a subject of a future
work.
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Appendix
A Analysis with background quantities
Here we present future constraints for the quintessence models discussed in the main text
only by using the information on the background evolution. One of the merits to perform
such an analysis lies in the fact that we can study the effects of a prior forbidding the
phantom-crossing region. To obtain the constraints from background quantities, we use
projected data from COrE [38] for CMB, and JDEM [46] for SNe, and bigBOSS [47] for
BAO, respectively.
A.1 CMB
For the purpose to estimate the confidence limit of each parameter only from background
quantities, it is useful to introduce some parameters characterizing the CMB spectra fol-
lowing the method in [48]. In this way we can evaluate the confidence limit of each
parameter without calculating the angular power spectra of CMB directly.
Here, we use two parameters effectively describing the information contained in the
CMB spectrum, which are proposed in [48]:
R ≡
√
ΩmH
2
0r(zCMB), (50)
ℓa ≡ πr(zCMB)/rs(zCMB), (51)
where Ωm and H0 are the matter density parameter and the Hubble parameter at present
time, r(zCMB) is the comoving distance from observer to the redshift of decoupling zCMB,
and rs(zCMB) is the sound horizon at the decoupling. We calculate the redshift of decou-
pling via the fitting formula given in [49].
We estimate the 4×4 covariance matrix for R, ℓa, Ωbh2 and ns; Ωb is the baryon
density parameter, h is the normalized Hubble parameter, and ns is the spectral index
for the primordial power spectrum, from mock COrE data, which is composed of the
temperature, polarization and CMB lensing potential angular power spectra. We adopt
the specification of the CMB experiment following the COrE white paper [38], and we
select the mean values of WMAP7+BAO+H0 analysis for ΛCDM model [50] as a fiducial
model of mock data. In Table 6, we show the mean values and their r.m.s (Top) and the
normalized covariance matrix for R, ℓa, Ωbh
2 and ns (Bottom), which are estimated from
our mock data for COrE, respectively.
Compared to the results of the Planck satellite given in [48], we find that the correlation
between Ωbh
2 and ℓa is reduced. This is not only because COrE data provide significantly
tighter constraints, but attributable to our setup of analysis. The damping of temperature
fluctuations on small-scale depends on Ωbh
2, but the effects on this scale degenerate with
other cosmological parameters such as the primordial helium mass fraction Yp. In our
analysis, we do not treat Yp as a free parameter, and determine the value of Yp from baryon
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The mean value and their r.m.s variance
Parameter Mean value r.m.s variance
R 1.734 0.001617
ℓa 302.1 0.02274
Ωbh
2 0.02250 0.00005095
ns 0.9615 0.001898
The normalized covariance matrix
R ℓa Ωbh
2 ns
R 1.000000 0.418460 -0.347250 -0.542950
ℓa 0.418460 1.000000 -0.025810 -0.308290
Ωbh
2 -0.347250 -0.025810 1.000000 -0.196580
ns -0.542950 -0.308290 -0.196580 1.000000
Table 6: The mean values and rms variances for R, ℓa, Ωbh
2, ns (Top) and their covariance
matrix (Bottom), which are estimated from the mock COrE data.
density parameter Ωbh
2 because Yp can be predicted from Big Bang Nucleosynthesis as a
function of baryon and radiation densities [51]. Therefore, the high-quality data on small
scales by COrE have potential to put tighter constraint on Ωbh
2.
A.2 BAO
Baryon acoustic oscillation (BAO) can be used as a geometrical measure of the cosmic
expansion, which can constrain the nature of dark energy. Its characteristic scale is set
by the sound horizon, which is the distance traveled by the acoustic waves in baryon-
photon plasma by the time of recombination. Such characteristic scale can be measured
oriented along the line-of-sight and in its transverse direction, which can probe the Hubble
parameter and the angular diameter distance, respectively. Thus we make use of the
following quantities as a geometrical measure:
x1 =
dA(z)
rs
, x2 = H(z)rs (52)
where dA(z) is the comoving angular diameter distance and rs is the sound horizon at the
baryon-drag epoch. H(z) is the Hubble expansion rate at a redshift z. To obtain an ex-
pected constraint in future BAO observations, we assume predicted fractional uncertainties
in the above quantities x1 and x2 for bigBOSS [47].
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A.3 Type-Ia Supernovae
The observables from a type-Ia supernovae survey are apparent magnitudes mi, and pro-
vide the measurements of luminosity distances dL(zi) through the distance modulus as
µ(zi) ≡ mi −M = 5 log10 dL(zi) + 25, (53)
where M represents the absolute magnitude.
In the estimation using Bayesian analysis, we can use the likelihood with several sim-
plifying assumptions for each model given as
lnL(SNe) ≃ 1
2
χ2(SNe)(µi,mod) =
1
2
∑
i
[µfid,i − µ(zi)]2
σ2i
, (54)
where we assume some redshift bins and the index of summation i runs through all redshift
bins, and µfid,i represents the distance modulus of a fiducial model at i-th redshift bin and
σi is its uncertainty.
We assume a Stage IV survey as described in the Dark Energy Task Force report [46]
and the statistical random error of observed apparent magnitude is described by σD = 0.1.
If we assume only the statistical random error and there is no correlation of errors between
different samples, the uncertainty of the distance modulus at i-th redshift bin σi can be
written as
σi = σD/
√
Nbin,i , (55)
where Nbin,i is the number of samples at i-th redshift bin, and its concrete value is also
given in [46].
A.4 Constraints with background quantities
Now we investigate constraints only from background quantities, and study the effects
of a prior which forbids the phantom equation of state, wX(a) < −1, with the method
described above.
In Figures 8 and 9, we show the constraints for Parameterization I and Parameter-
ization II, respectively, using the thawing models of the potential V (φ) = (1/2)m2φ2
(red/shaded) and the freezing model (green/shaded) as fiducial models.
We adopt the model parameters for the fiducial models such that the present equations
of state become wX(a0) = −0.90 and wX(a0) = −0.95, and these values are based on the
solutions of the tracker model with α = −1/3 and α = −1/6, respectively. The prior on the
dark energy equation of state is not assumed in the figures. We find that the thawing and
the freezing models can be marginally differentiated at 1σ CL for both Parameterizations as
long as the present equation of state wX ≃ −0.90, which is less constrained in comparison
to the analysis done in the main text, including the information of the fluctuations.
Finally, we show the constraints from CMB (COrE), SNe (JDEM) and BAO (bigBOSS)
with Parameterization I to see the effects of a prior which forbids the equation of state
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Figure 8: Expected constraints for Parameterization I. The fiducial models are assumed to
have V (φ) = (1/2)m2φ2 (red/shaded) with model parameters being chosen such that the
present equations of state become wX(a0) = −0.9 (left) and −0.95 (right), and V (φ) =
βM4pl (φ/Mpl)
α (green/shaded) with the present equations of state being wX(a0) = −0.9
(left) and −0.95 (right), which correspond to α = −1/3 and −1/6, respectively.
from crossing wX = −1 in Figure 10. The effects of a prior do not seem sensitive to
the result on these parameter spaces so much, but it shifts the center value of constraint
slightly.
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Figure 9: Expected constraints for Parameterization II. The fiducial models are assumed
to have V (φ) = (1/2)m2φ2 (red/shaded) with model parameters being chosen such that
the present equations of state become wX(a0) = −0.9 (left) and −0.95 (right), and V (φ) =
βM4pl (φ/Mpl)
α (green/shaded) with the present equations of state being wX(a0) = −0.9
(left) and −0.95 (right), which correspond to α = −1/3 and −1/6, respectively.
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Figure 10: Expected constrains for Parameterization I. The fiducial model is assumed
to have V (φ) = (1/2)m2φ2 with model parameters being chosen such that the present
equation of state becomes wX(a0) = −0.9. The left panel shows the result with the
equation of state being allowed to enter the phantom region, wX(a) < −1, and the right
one shows the result with the phantom equation of state, wX(a) < −1, being prohibited.
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